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THE 


MATHEMATICAL MONTHLY. 


VoLL...JULY, 1859....No. X 


PRIZE PROBLEMS FOR STUDENTS. 


I. 
Sotve the two equations 
Y—drteyt+rytrey=d0y 
2*y—100¢+27/(1+/7)(1+2)+2/=100y. 


Il. 
If A, B, C be the angles, and a, 4, ¢ the opposite sides, in a plane 


triangle, of which S denotes the surface ; prove that 


at+?+’?=—4S8(cot A+ cot B+ cot C). 


Il. 

If one of the similar triangles A BC and A’ B C’ be inscribed 
in the triangle D E F, and the other circumscribed about it; prove 
that the area of D LF will be a mean proportional between the 
areas of ABC and A’ BC’. 


IV. 
If a be one of the sides of an equilateral spherical triangle 
and A one of its angles, prove that see A= seca -+- 1. 


V. 
If the semiaxes of an ellipse be A and B, p the length of the 
VOL. I. 42 











perpendicular dropped from the centre on the tangent to the curve, 
r and 7 the distances from the point of tangency to the foci, and 
@ the radius of curvature at this point; prove that 

AB rr 


— 
and from this theorem construct the corresponding point of the 
evolute. 





. 
? 


The solution of these problems must be received by the first of 
September, 1859. 





REPORT OF THE JUDGES UPON THE SOLUTIONS OF THE 
PRIZE PROBLEMS IN No. VI., Vol. I. 
Tue first Prize is awarded to Grorce' B. Hicks, of Cleveland, 
Ohio. i 
The second Prize is awarded to Asner B. Evans, of the Junior 
Class in Madison University, Hamilton, N. Y. 


Prize SoLutTion or Prosrem I. 

“ Any side of a triangle is cut in the ratio of m to , and the line joining this point 
to the opposite vertex is cut in the ratio of m-—-n to /; to find the codrdinates of the 
point of section.” 

Let ABC be any triangle, and let the codrdinates of the 
vertices A,B,C be ay, 2’ y", #” y". Let the side BC be cut at 





P in the ratio of m ton, and let zy 
be the codrdimates of P. The trian- 
gles BPS and P CL give 
BP:PC::BS:LP; or,n:m::2"-2:2-2" 
BP:PC::PS:CL; orjnim::y-ysy""-y. 
__ mal! +nall! __ my! +ny!" 
Ce eee? oO Se 
Again, let AP be cut at D in the ratio of m-+-2 to /, and let 
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a,8 denote the codrdinates of D. The triangles ADC and DPM 
give 
AD:DP::DG:PM; or, m+ n:1::4/ —a:a— m ax!" + n ae!!! 








mtn ” 
AD: DP::AG:DM; orm -fniliiy’— 8:8 —"E EAE 
Therefore, a= ee oe Pe a eon ©, 


are the required codrdinates. 
This solution is by Grorce B. Hicks. 


PrizE SoLuTIon oF Prostem III. 
“ Find the polar equation of the line passing through the points, of which the polar 
coordinates are r’, g!; r'’, !!.” 


The equation of the straight line referred to rectangular codrdi- 
nates, and passing through the points 2 y’, and 2” /”, is 


(1) y—y =1—4 (2-2). 


2’ —z!! 

If the pole be at the origin, and the axis of zx be the polar axis, 
then z=rcosg and y=rsing. Accenting, making the substi- 
tutions and reducing, (1) becomes 

rr! (sin p- cos g! — cos @ sin g’) + rr’ (sin gq!’ cos p — cos g’’ sin g) 
+7 r'' (sin g! cos g!! — cos g! sin g!’) = 0; 
or, rr sin (g — g’) + rr’ sin (g” — g) + 77’ sin (7 — g”) = 0,7 
which is the equation required. This solution is by Guorcr B. Hicks. 


PrizzE SoLutTion or Prosiem IV. 
“Find the condition that Ax-+ By-++- C= 0 should be tangent to (#— a)? +- 
(y — 6)? =r.” 


Let y be eliminated between the two equations, and the result 
arranged according to powers of z; and we shall have 


(42+ B)2?+2(A0+6 AB—a B) 2+ B? (a+ 8) +20 B0+4 —rB=0. 
In order that Az-+ By-+ C=0 may be tangent to the circle, the 
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values of z from this quadratic must be equal. Whence, by the 
theory of equal roots, 
(A O+64 B—a BY)?= (42+ B) (2? B+ B?+4+26 BO+ O?— 9 BY. 
Developing and reducing, this equation becomes 
(A? 4+ B*)= (Aa+ Bb CY, 
which is the required condition.* 
The condition may be verified as follows: It may be written 





pot “STO? Now, we know by a simple proposition in 
V 42+ B 
analytical geometry, that the right-hand member of this equation 
expresses the length of the perpendicular from the point a,b upon 
the line Azx-+ By-+ C= 0; and since this perpendicular is equal 
to the radius of the circle, the codrdinates of whose centre is a, d, 
the condition of tangency is fulfilled, as is known from plane geom- 
etry. It may be remarked also, that this condition gives a very 
concise solution of the problem. This solution is by GerorcE 


B. Hicks. 


JOSEPH WINLOCK. 
CHAUNCEY WRIGHT. 


Truman Henry SAFForp. 





* The method of determining the equation of a tangent used here is the invention of 
Descartes. It is not confined in its application to curves of the second degree, but is gener- 
ally applicable to all curves. Let the equation of any curve be F (xy) 0, and between this 
and the equation of the right line eliminate either variable, as y. The resulting equation will 
involve only xz, the roots of which will be the values of xz for the points where the line intersects 
the curve. If two of these points unite, two of the roots will be equal, and the line will become 
a tangent. The method by which Descarres determined the condition under which two of the 
roots would be equal was by assuming an equation of the same degree having two equal roots, 
and comparing it with the resulting equation. When the given curve is of the second degree, 
this ingenious artifice is rendered unnecessary, the solution of the equation being sufficient ; as 
it is only necessary to put the radical term of the roots equal to zero. 

This method of determining the equation of a tangent is that which appears in the letters ot 
Descartes. That which he gives in his Geometry is somewhat different, and nearly as follows: 


Let 
yt («#—xm)’?—r’=—0 
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be the equation of a circle, the centre of which is on the axis of x. Let y be eliminated by 
means of this equation and that of the curve, and the roots of the resulting equation will be the 
values of x for the points where the circle meets the curve. The centre of the circle being sup- 
posed fixed and the radius arbitrary, let it be supposed to have such a value as will render two 
of the roots of the equation equal ; the circle will then touch the curve, and therefore have the 
same rectilinear tangent. The value of r which renders the roots equal may be found by the 
artifice mentioned above.’ These methods are both founded on the same principle ; and though 
we cannot but admire the ingenuity they display, yet they must in general yield to the more 
simple and direct method furnished by the Calculus. 

Both of the above methods were used in the Prize solutions in the June number of the 
Montuty. See solutions of Problems I. and III. 

The method of drawing tangents to curves, founded on the principles of the Differential 
Calculus, has superseded the other solutions for the same problem given by Descartes, Frr- 
MAT, RoBERVAL, and others. The methods given by these geometers were either limited to 
particular classes of curves, or in some cases so incommodious as to amount nearly to impracti- 
cability. The determination of the equation of a tangent by the calculus is at once simple and 


general. It depends merely on differentiating the equation of the curve to find st , the tangent 


of the angle which the tangent line makes with the axis of z, and therefore extends to every 
eurve capable of being expressed by an equation, and whose equation is capable of differ- 
entiation. The methods of Descartrs, explained above, extend at most only to algebraic 
curves. 

The method of Ropervat deserves notice, as well on account of the elegance of the con- 
ception on which it is founded, as of its close analogy to the fundamental principle of the 
Newtonian fluxions. He considered a curve described by a point affected with two motions, 
the variations of which in quantity and direction are to be determined by the nature of the 
curve. At any point of the curve he supposed a parallelogram constructed, the sides of which 
are proportional to and in the direction of the generating velocities, and laid it down as a prin- 
ciple, that the diagonal which represents the direction of the resultant is the direction of the 
element of the curve at that point, and therefore the direction of the tangent. There are many 
instances in which this method may be applied with great clearness and facility; but in most 
cases its application is either totally impracticable, or attended with very perplexing difficulties, 
owing to the intricacy of the investigations necessary to determine the component velocities of 
the generating points. We shall give some examples in which its application is effected with 
great clearness and beauty. 

1. To determine the tangent to a point in an ellipse or hyperbola. 

In the ellipse the sum of the distances F’ P and FP of the describing point from the 
foci is invariable; therefore one increases with the same 
velocity as the other diminishes. Hence the velocity of 
the describing point in the directions P A and P A! are 
equal ; therefore if P A =P Al, the diagonal is the tan- 
gent which bisects the angle A P A’. 

In the hyperbola the difference of the distances from 
the foci is constant, and therefore the two distances in- 





crease with the same velocity. Hence P A! should in this case be taken on the produced 
part of the focal distance, as well as P A, and therefore the tangent bisects the angle under the 
radii vectores from the foci. 

2. To draw a tangent to a given point in a parabola. 
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Let OB be the directrix, and O X the axis, and F the focus. By the properties of this 
curve, FP=BP. .-. the velocities in the directions P A 
and A P! are equal; .-. as before, the tangent bisects the 
angle AP A’. 

3. To draw a tangent at a given point in a cycloid. 

Let P be the generating point. By the definition ot 
the cycloid, the generating point at P has two motions, 
one in the direction of the tangent P A! to the generating 
circle, and the other in the direction P A parallel to the 
base; and these two motions are equal, because the generating point moves uniformly round 
the circumference of the generating circle 
in the same time that the circle itself is 
carried along the base through an equal 
space. Hence if PA and P A! repre- 
sent the two motions P A= P A/, and 
therefore the tangent bisects the angle 
A P A’, and is parallel to the corre- 
sponding chord P! V of the generating 
circle described upon the axis. 

This method of Roservat is peculiarly applicable to curves which can be described 
mechanically by motion. BARRow subsequently invented a method of tangents which approached 
as near the principle of the differential calculus as RopeRvVAL’s did to the fluxional principle. 
He investigates an infinitely small triangle composed of the increments of the abscissa and ordi- 
nate, and the elementary are of the curve. The student will readily perceive this to be the 
spirit of the differential calculus; but both this and the method of RoBpERVAL want, what con- 
stitutes the principal excellence of the methods of the fluxional and differential calculus, that uni- 
form algorithm by which a general formula expresses the equation of a tangent to any curve, 
and the general rules by which the particular values of the quantities composing this general 
formula can be found in particular cases. It should be observed, that the method of BARRow 
is very nearly the same as that of Fermat. This note is taken from LARDNER’s Algebraic 
Geometry. — Ep. 








NOTE ON DERIVATIVES. 

Ir seems to us, that the method of demonstrating the rules for 
finding the derivatives of many algebraic functions is not only most 
concise, but most easily understood by the learner, when based upon 
the following 

Proposition.* When 7 is an infinitesimal, Nap. log (1-++-7) = 7. 


By the binominal theorem, 





* See Prof. Pemcer’s Curves and Functions, Vol. I.; also Prof. Price’s Infini- 
tesimal Calculus, Vol. I. 
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A+j=14 5645-1 5+4G—1) G—2) rast & 


7 
Since : is infinite, and since the finite quantities which are 
added to or subtracted from infinite ones do not affect their values, 


+=+—1= — 2= &c., which reduces the development to 


7 t 
i oe 1 1 1 
Q+)=14+1+ 7 5+pstinmt & 


But this series, by reducing, and adding a sufficient number of 
its terms together, gives 2.7182818+-, known as e, the base of 





Napier’s system of logarithms. Hence (1+ ie =e; and 


* Nap. log (1+ ¢) = Nap. loge=1. -. log (14) =i, 
understanding that log denotes Nap. log. 

We will now apply this proposition to finding the derivatives of 
a few functions, including Problem V., No. VL, Vol. L. 

1. Find the derivative of u=2". logu=nlogz. Give w an 
infinitesimal increment dz, and let du be the corresponding incre- 
ment of w; then log (u-+-du)=n log(a-+-dz). The logarithm of 
the ratio of u-++-du to u is 


log (u-++ du) — log u=n log (v7 + dz)—nlogz; 
or, log (1 oe =<) =n log (1 +- =). 


, du dz ° — . 
Therefore, since — , and — — are infinitesimals, we have by our proposi- 





tion, og (1-4) = —nlog(1+% “) — acs. 
Therefore, r —**— = | 


In this case w is called a function of 2; that is, « depends upon 
z for its value, and varies with it. But it is evident, that w and x do 
not vary by the same amount; and it is the aim of the Differential 
Calculus to find the ratio of these variations when they are infini- 
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tesimals. This ratio, or quotient, is called by another name in the 
calculus ; namely, derivative or differential coefficient. We started with 
the function 2", and derived nz*—' from it, as the ratio of the varia- 
tion of the function to its variable z; and hence n2"—* is called 
the derivative, or derived function of 2”. Again, du=na"*—*dz, in 
which nz"~' is the coefficient of the differential dz; and hence the 
name, differential coefficient. The student will observe, that denotes 
the derivative of the quantity u; but the symbol, as separated from 


the quantity, and simply denoting the operation, is + . Thus, aA F(z) 


tells us to find the derivative of f(x). The inconvenience of the use 
of the symbol - , in this and like cases has led to the adoption of D 


in its place. If we wish to indicate at the same time the particular 


variable, as z, in reference to which the derivative is to be taken, 


then the symbol D, is used. Hence in symbols f= D,. When 


the function involves only a single variable, as 7, D is sufficient ; but 
° d : 
in the symbol —, the x cannot be omitted. In the case of a general 


function, as f(x), the notation /” (x), f/” (x), f’” (x), &e., to denote the 
successive derivatives, was used by LaGranae, and is most convenient. 

So far as we know, Prof. Perrce is the only author in this country 
who has used D; and we have made these remarks for the benefit 
of those students who meet with this notation only in the Monrnty. 
We do not advise the exclusive use of either notation. Use the one 
most convenient in the .particular case. In all cases, however, in 
which we simply wish to indicate the operation, D is preferable. 


, d 
Thus D 2* is better than — 2”. 
2. Find the derivative of u=a*; logu=wzloga. Giving 


increments log (uw +- du) = (#-+-dz) loga; and taking the ratio, 


log (uw + du) —log u=(#-+ dz) loga—~zloga; 
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or, log (1 a. : at) = d x log a. 
Therefore, by the Apia 
log (1 +*)=4 — ~ = dzloga. Si c= ulog a= a’ loga. 


3. Find the derivative of u=az. logu=n log « + log a. 
log (u-++ du) = nlog(«+dz)+loga. Hence 
log (u + du) — log u = n log (#-+- dz) —nlogz; 
or, log (1+) =nlog (14+ 4 = = ee naa 


x 


The constant factor in the function is — in the derivative. 


4, Find the derivative of u= 27. log u = 1 log 2. 


log (udu) = 7 log (e7+dz); log (i+<)= Plog (1+). 


dx du > uU 2 
sor = 2.5 =F x,” 


du 
uo dx q x q 


., a 
q «£ 
Hence the rule for finding the derivative of a power of a varia- 
ble is precisely the same for all exponents, whether integral or 
fractional, and, as is readily seen, whether positive or negative. 
5. Find the derivative of u=a"-+-C, C being a constant quantity. 
u—C=2"; log(u—C)=n loge. log(u—C-+-du) = nlog(z+- dz); 


log (1 t. Ss )= =n log (1 -l- <=). o, = - ==; 
du __ n(u—C0) 


dx x 








or =na—", 


Therefore, a constant which is not a factor disappears in the 
derivative. 
6. Find the derivatives of u=logz. u+du _  log(#+dz); 
dx du 1 
du= log (x 4-dx)—log x=log (14 © =) — 7 ==. 
7. Functions of more than one variable. med the derivative of 


u=a"y". logu=mlogx+ulogy. 


VOL. IL. 43 
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log (u-++ du) = mlog (4+ dx) +-nlog (y+dy) 
log (1+ “) = mlog (1+ “) +n log (i+). 


du mdz ndy = nasil 
oa oT ss ewe ydatny"**a" dy. 


If either z or y be made the independent variable, the deriva- 
tives are 
Duma" y" + ny" 2" Dy; Dyu=ma"—" y" D, x4 ny" 2". 
The values of these derivatives, D,u and D,u, are not so sym- 
metrical in their form as the value of the differential du; which is 


true, in general, of functions of more than one variable. It is there- 
fore, usually better to retain the differential form. 


8. Find the differential of the fraction u 
log u = log « — log y; log (w-++- du) = log (x + dx) —log (y+ dy). 
log (i+ 2)= log (14S) — tog (i+% <1). = tel. 


ad y 
FI sak udy__dx  xdy__ yd2—ady 


i on ae y 
9. Find the differential ofu—y*. logu=-zrlogy. 


log (u-++ du) =(#+-dz) log (y+-dy)=zlog (y+-dy)+-dz log (y+-dy). 
—slog(yt+dy)+-dzx logy (1+). 
= slog (y+ dy)+dzlogy+dz log (i+2 

“*) = alog(1+“ 4 drlogy +dzlog (1+ %). 


d d 
= — + dz log y + — nee 
Ber 
y 








du 


log (1 -f- 


du u 


du= 





a leaincchie tl +y dz logy. 


It will be seen, teat © dxdy 





, which is of the second order, is 
omitted. 
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NOTES ON THE THEORY OF PROBABILITIES. 


By Simon Newcoms, Nautical Almanac Office, Cambridge. 


13. Some theorems relating to combinations will be given here 
for convenience of reference. 

If we have a set of » things, the number of different ways in 
which a collection of s things can be taken from it, is called the 
number of combinations of s in 2, and is represented by the notation 


s 
C,or C(s,n—s). Since, for every collection of s things which can 
n 


be taken, there will remain a collection of n—s things not taken, 
we may consider the number of combinations of s in ” as being the 
number of ways in which a collection of s things can be divided into 
two sets, one containing s things, the other n—=s. It is shown in 
treatises on Algebra, that 





5 __n(n—1)(n—2)....(m—s-+1) __ n! 
(1) uae 2s BeBivced —~ (n—s)!s! 
From the above, we may easily deduce the following equations : 
i a s—lL 8 s n—s n 
(2) Cnt Ox CO; Ox 0; C= 6 C= 1. 


Using the notation of slits the on theorem may 
be expressed in the form 


0 1 2 wo 
(3) (a+2)"= Ca*+ Ca 2+ Ca? #+...=5, 
n n n 0 


Suppose that the set is divided into two classes, white and black, 


wf. 


= QQ" 


for example ; then a collection of s things may be composed of any 
s white things, 


or any s—,1 white combined with any 1 black, 


“ oo > “ “ - 6 
é“ &e. “ « &e. “ 
“ 1 “ “ xm 1 13 


“ 0) oe “ 8 “ 














— 832 — 


from which we deduce the general theorem 


s—1 s—r 


(4) Gu O10 + 0'O+ be... +0 04 6=% oC, 


n—l 


where / may be any number (at pleasure) less than n. 

If we represent the number of ways in which a number of 
things equal to (s+ s’-+ 8” -+....&c.) can be divided into sets, of 
which one shall contain s things, another s’, &., by C(s,s’,s”...), 
we have 


O (2,4, 9" ..) = (s+e a" +.) 


rar ot PPP 
14. Illustrative Problems. 
I. A bag contains 4 black balls, and &’ white ones. A number s 
of balls being drawn, what is the probability that they will all be 
white ? 


C will be the whole number of combinations of s balls in the bag, 
b+obr 


any one of which may be drawn. Of these combinations, only 0 
o 


will consist entirely of white balls. The probability required is 
therefore (+ C. In the same way the probability of drawing s 


ob or 


black balls is found to be C af C. 


b «b+ by 

Exampte. If there are two white balls and eight black ones, of 
which two are drawn, there will be forty-five combinations of 2 in 
10, any one of which may be drawn. But only one of these combi- 
nations will consist entirely of white balls, and the probability of 
drawing that combination will be is, and the odds against it 44 to 1. 
We might arrive at the same result by the principle of § 10. If we 
suppose the balls to be drawn in succession, the probability that the 
first ball drawn will prove white is 4, since of 10 balls 2 are 
white. On the supposition that this event occurs, the probability that 
the second ball will also be white is 4, since of 9 balls one will 
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be white. The probability of the compound event is therefore 
+X t=d. 
II. To find the probability, that, at whist, a player other than the 
dealer holds any given number of trumps. 
The trump turned up belongs to the dealer, there will remain 
51 cards, 12 trumps, and 39 non-trumps to be divided at random, 
the dealer taking 12, and each of the players 13. In order that a 
player may have no trump, his 13 cards must come entirely from 
the 39 non-trumps, and the number of ways in which this result can 
13 
happen is @. A hand containing one trump only may be composed 
39 
of any one of the 12 trumps combined with any combination of 12 
12 
in the 39 non-trumps, and such a hand can happen in 12 x @ different 
39 


ways. In general, a hand containing s trumps may consist of any s 


of the 12 trumps combined with any 13 —s of the 39 non-trumps, 


s 13—s 
and there will be CX C such hands. The probability of holding 
12 39 


s 13—s 13 
s trumps will therefore be Cx C + @. 
12 39 51 


If, in the above expression, we give to s the successive values 
0,1, 2, &c., we shall find 


a probability of .02 that the player has no trump, 


“ “ 10 “ “ 1 “ 
” , 23 . . 2 trumps, 
“ “ 30 “ “ 3 “ 
“ “ 22 “ “ 4 13 
“ “ 10 “ <4 5 “ 
“ “ 03 “ “ 6 “ 
a very small probabilit « 7 or more. 
Pp 


By a process of reasoning similar to the above we shall find the 
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probability that the dealer has s trumps to be 
s—1 13—s 12 
Cx 0 + C. 
12 39 51 

III. A set of dice being thrown from a box, to find the probabil- 
ity that any given system of numbers will be thrown. 

Suppose for the sake of clearness, that the several dice are distin- 
guished as the first, second, &c. Then any one of the six sides of the 
first die may be combined with any one of the six sides of the 
second, making 6? on two dice. Any one of these combinations may 
be combined with any side of the third, making 6° combinations on 
three dice; and by continuing the same process it is seen, that, in 
general, the number of combinations on z dice is 6". The given 
system of numbers may be thrown in as many ways as there are 


permutations of the numbers composing it; and if we represent the 
} 

6° 
This will be easily understood by comparing the following examples: 


number of permutations by P, the probability required will be 


1. Suppose that there are three dice of different colors, — say 
white, yellow, red, and let it be required to find the probability that 
the numbers 1, 2, 3, will be thrown. This system can be thrown on 
the three dice in the six following ways : 


White, 1122 8 8 
Yellow, 23 13 1 2 
Red, § 23812 1 


The probability of each way being zts, the probability required 
will be zs. 
2. If two aces and a deuce were required to be thrown, it could 


be done only in the following ways: 
White, 1 1 
Yellow, 1 2 
Red, 2 1 


— pe bo 
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The probability of its being thrown is therefore +z. 

3. The probability of throwing three aces is zis, since they can 
be thrown in only one way. 

The proposition, that an ace, deuce, and three are six times as 
likely to be thrown as three aces, might at first sight seem paradox- 
ical. A comparison of the above will, however, make it quite clear. 





* 


NOTE ON MAXIMA AND MINIMA, 
BY LEWIS R. GIBBES, 
Professor of Mathematics in the College of Charleston, South Carolina. 





Tue method used in the Note on the cycloid may be applied to 
other problems involving consideration of maxima or minima, and 
with advantage in such branches as are studied without supposing 
in the student a knowledge of the Calculus, or in questions which 
may be presented to him before he has yet entered upon the higher 
parts of his intended mathematical course. 

We will apply it to an old problem, often mentioned in works on 
descriptive astronomy, but seldom solved, the result only being 
given, the student being supposed unacquainted with the Calculus. 
Observation shows that the planet Venus passing from inferior con- 
junction towards greatest elongation, increases in brilliancy, attains 
a maximum brightness at a certain point, and then declines as it ad- 
vances towards superior conjunction. Hence the following 

ProsieM. 70 find the position of a planet at the time of ts greatest bril- 
lancy, as seen from another whose orbit includes its own. 

We will suppose the orbits of both to be circular and in the same 
plane, which supposition will be found not to affect the generality of 
the conclusion. 
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Let r be the radius of the orbit of the interior planet, and 7’ the 
radius of the exterior; also, let z be the distance between the two 
planets at any time, and B the brightness at the time, the unit of 
brilliancy being the brightness of the unit of area of the disc of the 
planet, at the unit of distance from the Sun and from the exterior 
planet. By trigonometry, the cosine of the angle at the exterior 
planet is 


yl 22 7/2 72 
(1) COS , = “a * 


The cosine of angle at interior planet is 


9 : 8 Pate ia Se 
(2) cos (180° —7) = =t7— 


From optics, we have 


B illuminated area of disc a semicircle + a semi-ellipse 


2 





2? r 2 ry ? 

the semi-major axis of the ellipse is equal to the radius of the semi- 

circle, and the semi-minor axis is equal to that radius multiplied by 

cos (180° — ‘), and when the semi-ellipse is subtractive, the cosine 

is negative, so that the illuminated area is always proportional to 

1 + cos (180° — 7) 
2 2 





1+ cos (180°—"), and we may put B= 
_ #+22r+r—r? 


22° 7 
(3) 2° B= 24 2rt4(P—r%)5. 


Let 2 be the distance of the interior planet from the exterior 
at the pomt of maximum brilliancy; then there can be found pairs 
of points, one member of each pair on each side of that point, at 
which the brilliancy, though less than the maximum, must’ be equal. 
Let 2, and z be the distances of the interior planet from the ex- 
terior one at the two points of one of these pairs, and let B, be the 
brightness at those points, the same for each. Then we shall have 
these two equations similar in form to (3) : 


or by (2) 


Hence we have 



































For the first point, 27° B, —- + 2r5+(r— ry) * 
% 2} . 


' ss 
For the second point, 27° B, = - 2r-, r— 7?) — 
p =2 yo 


1 


~ 
~ 


By subtraction, 0 = 





Multiplying by =~, 02,2. 2r(z2,+-~)+-(7?—r”) ITA nT 


As this equation holds good for every such pair of points, how- 
ever near to the point of maximum brilliancy, it holds good when 
they coincide with it; but then 2, = 2,= 2, and 2 = 23 = 2, 22—= 4); 


hence, substituting in the above equation 2 and 2 for the quan- 
? o 


tities to which they are then equal, we have the equation of the 
maximum 


Whence we get 
Ze 2 by 2 
(4) |= (437%)! 2r, nal 


(5) r=(se+r?)!—2%, or : = 





pn, 
Cm 
4/2 

= 
LIS 


rejecting the negative values as not osiunias to the conditions 
of the problem. By substituting this value of r for r in (1), and of 
2) for z in (2), we obtain 


q 2 , 
(6) oon, = 2(3 at 1)' 2 ., 





cos (1s0°— r) os : ~ 


With any given value of 7 less than 7’, the distance at greatest 
brilliancy, 2), can be obtained by (4), and the elongation at that time 


! ‘ a 
”, and the annual parallax (180°—") from equations (6). 
“0 


“0, 
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If (180° — j= 90°, which can only happen at the greatest 


; r 
elongation, then cos (1s0°—! ) =(; hence from second of equa- 
20 


2 


. / r vad r 3 
. 2 3\=— , 
tions (6), 35-+-—-—2 (5 +3) = 0, and we get 7 —s = t= (0.447); 
r . . . . . 
= is also the sine of the greatest elongation in the orbit whose 


° . - ° “W1° 
radius is 7, so that when >= 0.447 the maximum brilliancy occurs 


exactly at the greatest elongation, and the elongation is then 


209 OO/ FOV 
~ 009.00. 


“qe *,° > . 
Since, by the conditions of the problem, -, is always less than 
? 7 7! ry 
unity, the denominator of the right hand side of the last of equa- 


tions (6) is always positive, and the sine of that side will depend 


2 


» . . is 
on that of the numerator; this will be negative when => or 
7h 


> 0.447, and positive in the contrary case, and the negative cosine 
i (1 80° 


“0 


— 2 > 90°, or maximum brilliancy occurs between great- 
est elongation and inferior conjunction ; the positive cosine shows 
that it occurs between greatest elongation and superior conjunction. 


If [= 4, then cos (180° - ‘y= +1; or (1 80°—" )=0°; that 


is, if “, = } or less, the maximum brilliancy occurs only at superior 
conjunction. 

If z= 0, then from first of equations (6), cos = $; that is, 
however near the interior planet may approach the exterior, the 
elongation at which the greatest brilliancy will occur, cannot ex- 
ceed 48°.11/.22”. Hence if 5 be 


< land > 0.447 


( ) max. - inf. conj. and gr. elong. | elong. { betw. 48°.11! and 26°.34! 
| == 0.447 | bri. | at greatest elongation, will | 27°.34! 

S 4 
ieee and > 0.2 sia will t between gr. elong. and sup. con). | then | between 26°.34! and 0° 
| =or> 0.250 joceur| at superior conjunction, be | 0° 
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From this table, it will be seen that the statement made in some 
works (see Otmstep’s Astronomy, article 311 of successive editions) 
is erroneous, that “an inferior planet is brightest at a certain point 
between its greatest elongation and inferior conjunction.” The 
mean radius vector of Mercury being 0.587, he in general arrives at 
greatest brightness between greatest elongation and superior con- 
junction. 

If the exterior planet be supposed fixed at a certain point in its 
orbit, the points, at each of which occurs the maximum brilliancy for 
successive values of 7, will lie in a curve whose equation we proceed 
to find. Let the fixed position of the exterior planet be the origin of 
rectangular codrdinates, the corresponding radius vector being the 
axis of x positive towards the sun; and let # and y be the codrdi- 
nates of any point in the curve whose distance from the superior 
planet is z, and from the sun is 7, continuing to express by 7’ the 


distance of the exterior planet from the sun. Then we have by 


geometry e— y 2 Ae Pe ) 
( 7) also 9° = 4 (’ - x)? 


and from equation (4), 2 = 5 —4A(r*+ 3r? 2*)! +37? 


and by combining these equations so as to eliminate z and 7, we will 


obtain the equation of the curve. This elimination will most easily 
be effected thus: Subtract the first equation from the sum of the 
second and third, simplify, clear of radicals and reduce, and there will 
result (7 +a)? =r? (7° —x) + J 7’ 2; now, by substituting the value 
of 7? from the second of the above equations (7) and reducing, we get, 


¥ 2 7! — gl ‘ ‘ 
finally, y—= + 2 i"). This equation shows the curve to be a 


rx 
defective hyperbola of Newrton’s 41st species of lines of the third 
order. 
Since to every value of x there are two equal values of y with 


contrary sines, the axis of abscissas is the axis of the curve, and, 
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since there is but one constant 7” in the equation, all such curves are 
similar. If z be positive and greater than $7’, y is impossible, no 
part of the curve being at a greater distance beyond the Sun from the 
exterior planet than 4 of the radius of its orbit; if x be positive and 
equal to 7’, then y—0, the curve cuts the axis of x at a distance 
beyond the Sun equal to $7’, which corresponds to the case already 
mentioned of the maximum brilliancy at superior conjunction ; the 
value of y for x= --7’ is equal to that for = -+ $7’, each equal to 
” <4y¥ 2, and this is also the value of y corresponding to x= — $7’; 
the three values of y for the three values of 2, -+ $7, +47 
— £8,’ are to each other in the ratio of 7, 4,25; the value of y 
for «= — #7’ is to that for —=— 47’ as 6 tol; if e=47’, then 
yx; ifx=0, then y= 0; the origin of codrdinates is a multiple 
point, two branches of the curve passing through it; lastly, if 
«= — 7’, then y is infinite, the Hyperbola has an asymptote, cutting 
the axis at right angles at a point distant from the Sun twice the 
radius of the orbit of the exterior planet. The curve comes in from 
infinity on one side of the axis, along the asymptote, bending gradu- 
ally towards the point at which the exterior planet is supposed 
fixed, passes to the other side of the axis through that poit, curves 
in a loop round the Sun, cutting the axis beyond the Sun at a dis- 
tance already indicated, completes the loops by passing a second 
time through the fixed position of the exterior planet, and then, 
bending away from the axis, recedes to infinity, approaching the 
asymptote. 
If the polar equation to the curve be desired, it can easily be had 
from the first of equations (6), the pole being at the same point as 


the origin of rectangular codrdinates, ,/ being the polar angle, reck- 
oned from the axis of abscissas, and -’ being the radius vector, taking 
: Tr 


Ze cee *0 
7! — Se¢ r! 


* as unity; we thus get -’= ? cos 
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The portion of the curve belonging to the negative values of x 
fulfil the algebraical and also geometrical conditions of the problem, 
but not the optical conditions; presenting another example of a 
class of cases, so puzzling to some persons, in which an algebrai- 
cal expression, full of significance when applied to one question, is 
totally devoid of meaning when applied to another im which 
the fundamental conceptions are quite different. A planet in a 
circular orbit, seen from an interior one, will be brightest when in 
opposition. 

So far the interior planet has been supposed to move in a circular 
orbit; if it move in an elliptic or other orbit, it will evidently be 
brightest at that point in its orbit which cuts the curve of maximum 
brilliancy belonging to the corresponding position of the superior 
planet, at the same moment. If there should be two or more such 
intersections at different points, there will be two or more maxima of 
brightness. The intensity of brightness will not be the same for 
both maxima; for if a planet were to move in the curve of maxi- 
mum brilliancy from superior to inferior conjunction, the intensity of 
brightness at successive points, though a maximum for the given 
distance from the Sun at any one point, would diminish from supe- 
rior conjunction to a point about equally distant from the Sun and 
from the exterior planet, at which would occur a minimum maximorum, 
and then increase again to inferior conjunction. At the nunimum 
maximorum, where 2) and r would each be about $ of 7’, the bright- 
ness would be little less than one fourth its intensity at the points 
where r= 4?" and r= ‘¥o7", at which two points the brilliancy 
would be nearly equal. 

If the method above used be applied to determine the value of « 
for which y is a maximum, we shall find «—=-+-+-7’ « 0.763, and the 
corresponding value of y=?" <X 0.401. An ellipse described about the 


Sun as a focus, having the radius vector to the fixed position of the 

















exterior planet as a line of apsides, the aphelion between the Sun 
and the superior planet, a perihelion distance equal to 0.2507’, and 
a semi-minor axis equal to 0.4017’, will closely approximate to the 
curve of maximum brightness throughout its perihelion half; so 
that a planet would always be near this curve through half its orbit, 
if that orbit were the above ellipse, whose mean distance would be 
0.445 r’, and eccentricity 0.1957’.. The aphelion half would lie within 
the loop of the curve. The ellipse which would most closely ap- 
proximate to the loop throughout its greatest extent would have 
its perihelion at the same point as that of the preceding one, a major 
axis of about 1.1507’, and a minor axis of about 0.800 7’. 

The above problem is as old as the time of Hatiey, who first 
proposed and solved it for the planet Venus, and his result is that 
generally quoted in the elementary works; he also remarked the 
limit which occurs when 747’. The other results given above 
we have not met with anywhere ; but it is not impossible that, in 
the Berlin Memoirs or other equally inaccessible treasuries of 
science, all our results have been anticipated years ago, if not a 
century since. Even if so antiquated, they may be new to many of 
our readers. 


~=ceoe-- 


ARCS OF GREAT AND SMALL CIRCLES. 
BY GEORGE P. BOND, 
Director of the Observatory of Harvard College. 





lr a plane intersects the.surface of a sphere without passing 
through its centre, a small circle, ¢,is formed by the intersection. 
The great circle, C, most nearly representing it through its entire 
circumference, will have its plane parallel to that of ¢. If it is only 


required to represent in the best manner an are of ¢ less than a 
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circumference, by means of a corresponding are of @, the planes 
of the two circles must be inclined by an angle depending on the 
length of the arc, and the distance of the plane of ¢ from the centre 
of the sphere. The direction of the line of intersection of the 
planes will be perpendicular to a diameter passing through the 
middle point of the are. 

In the case where e differs but little from a great circle, let y 
be the angle between the planes of Cand ¢; if @ be the great circle 
to which e¢ is secondary, y will be the angle between C and G. 
Let also ¢ be the angle measured from their intersection to a point 
on (. The distance of ¢ from C at this pot measured on the sur- 
face of the sphere will be 

(1) z=ysino=—y, 

y being the distance of ¢ from @. 

In order to adjust an are of C comprised between the limits ¢, and 
Cy, so that the mean of the squares of the deviations of each in- 
finitesimal element from its corresponding element of an are of ¢ 
shall be the least possible, the position at C must satisfy the con- 
ditions 


9 et cos & — cos " Gi a f __ 9 
(2) y=4 ae OU 


(24 —sin2G)—(2Q4—sin2G) *° 2 








The general expression for the mean value of x? is 


9 9° 

(3) y y? pom ch Ta 20 —sin 2 a) wy ‘cos , — cos & 08 Cy 
‘ + 2 “ / - 7 % 
2 4 pa a 


20 











which becomes, when the adjustment is made in conformity with the 
method of least squares 
(4) 2 (1 2 i ) 
: 1 +- x cos 67° 


where 


G—G sin 4 


77 = 





If we take the square root of the mean of the square of the 
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deviations of each of its elements for the mean error, irrespective 
of signs, of the arc of ( considered as representing a corresponding 
are of ¢, we have from (4) the following results: 


Included are, £;—¢,—= 0° Mean error = + 0.0000 7, 


“ « = 830 s = 0.0100 ¥, 
(5) « « —60 6 = 0.0421 7, 
« « =90 ” = + 0.0975 y. 


It is evident that where the included are as well as 7 is small, 
the approximation reaches a high degree of accuracy, the error 
varying nearly as the product of 7 into the square of the are. 

The above conclusions may be applied to the theory of the 
transit instrument. The path described by the optical axis of the 
transit is the small circle, c, distant from the great circle, G, to which 
it is secondary by the small are vy. G is commonly referred to the 
meridian by the small ares wand f, which are ‘its distances from the 
meridian at the horizon and at the zenith respectively. If @ is the 
latitude of the place of observation, and 0 the declination of the 
object towards which the instrument is directed, the deviation of the 
small circle ¢ from the meridian will be 


(6) a sin(g—0) + 8 cos(y—d)+7; 
which may be reduced to the form 
(7) P sin(Q—0), 


P and Q being constant for arcs for which the errors of devia- 
tion of ¢ from @ are insensible. With the usual adjustment of the 
instrument we may infer from (5) that its path for ares of thirty or 
forty degrees may be treated as a great circle without appreciable 
error. 

The same general conclusion may be reached in another way. 
If wand £ are eliminated from the equations 
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asin (gy —0,) + 8 cos(g—9,) + y=, 
(8) asin (@ —0,) + 8 cos (g — 0.) + ¥ = fn, 
asin (pg —03) + 8 cos(g—03) + 7 = bs, 

we have 


. 6, — 6, . é,— 65, . 6, — 8; — “ur 
(9) 4sin —,— sin —,— sin 5-7 =. 





The coefficient of 7 is a small quantity of the third order when 
the included ares are of the first order, while the second member of 
(9) will be affected by errors of observation multiplied by small co- 
efficients of the first order. When 7 is small, of the order of errors 
of observation, it is plain that for arcs of moderate extent, both (8) 
and (9) may be satisfied by the value 

7=0, 
which reduces the path described, within the limits assigned, to an 
arc of a great circle. 





ON MR. COLLINS’S PROPERTY OF CIRCULATES.* 


By James Epwarp OLviver, Lynn, Mass. 


Ler C§ denote a circulate of § places; that is, a number formed, 
except perhaps its left-hand portion, by the endless repetition of § 
figures in the same order. Let F'( ) and M() be the greatest com- 
mon factor and the least common multiple of the inclosed numbers. 
Let 4,4, &c. be subfactors or multiples of certain of the A numbers 
“,¥y..2, or of previous values of /,; and form /,, 4., &c. in a precisely 
corresponding manner from §,7,.¢. Let the arbitrary integers, w, w,, 
&c. be exact divisors of any numerators written over them ;— and 
call a the base of the system of numeration employed. 





* See page 295. 
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From the pervods of several circulates, to find the period of their prod- 
uct. ‘The A conditions 


(1) == 08, = Cn, <a @ ; 


wr 


the fractions and the periods being in their simplest terms, are 
equivalent to 


(2) a®=1[z],* a=1f[y], ..¢@=1[2); 


where, as in all that follows, the exponents are assumed to be min- 
imum positive roots of their congruences. Whence 


(3) aF GD =] [F(2,y,.2)], 


because all the roots of a& =1 [F'(z,y,.z)] (3’), such as §&,7,.¢, are 
multipliers of 0, the least positive root; hence their greatest com- 
mon measure /’'(§,¢,.7) is a multiple of Q,; hence F'(§,7,.¢) isa 
root of (3’). 

Again, since modulus z requires that the exponent of a be a 
multiple of §, while modulus y requires the exponent to contain 7, 
and so on, we have 





(4) aM Grn) =] [7,4,-2, “s M (x,y,.2)). 
From (3) and (4), 

io 
(5) a =1[2). (6) .4—=— Z, 


From (4), (a 6") 140. M(c,,2))arens 


=1-+w.z.. s(142 sen )) , + &e). 


(x..2— M(a,,z))..(a@..2—s.M(z,,2)) . 7 . 
But > eee mame is an integer; for since 











* See note at end of this artlcle. 
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M(x,,z) divides (%..z), one of every & consecutive terms in the 
numerator is divisible by &. Hence 


: se ee 
(7) aM Go ie — 1 ded”. we . =1 [z..#]. 





’ rye oo 
(8) 2 O§.01..Ct= ———- = C. WG, D M (§,,°). 
It remains to select such forms of 4, &,, that Goa may be 


some simple function y of them; then by substituting for 4, &,, 
their values (6), the period of C5... C$ is expressed in terms of 
Ai, 42,53 that is, of §,,¢. 

Consider the 24—1 factors, 24—* of which enter each letter 
“,,2; one entering only y, &c., and one entering all z,,z. Usually 
most of these factors are unity. Call P, the product of the 





tae ) factors that enter s letters each. M(x,,z)—=P,P...P 4, 


g..8=z P, Pe .. P4, -. w= P, P3.. P4—', and requires at least A — 1 
‘functions /,, even if any /, be squared, cubed, Xc., since no /, is 
above the first degree in P, or P,. 





We may take /,= the least common multiple of the Ss < ==") 


greatest common factors of z,,z taken s at a time, ../,—= P,P,41..P,4 
Or /, may variously be taken unsymmetrical as to (2,,,%,—= %,,2) ; 

s a997A 9 ? 
for instance 4= F' (2,2), h—=F' (23, Mz,,2,), h=F (4%, Mz,,, z,) &e. ; 
or &e.; all which may be further varied by permutating any of the 





letters z,,z that enter unsymmetrically. In these cases, y = /../,, 
and (8) becomes 
@4—1)..(a*4—1) 


w 





(9) of. ota. M(,,¢) 


where w= w,..w,, and whose constants /.,,/., are found from £,,¢ as 


l,,,4, would be from z,,z. In the symmetrical case, /, is the prod- 


uct of those highest powers of the primes @, (3,7, which occurs 
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each in some s of §,,°; so that each A, .«. also each a4 — 1, divides 
all preceding ones. 
Exampte. If x,,,%, be all prime to each other, 


ap — 1)4—* 
(10) Cx,09..Cx,9= rk tees: AN 
i, may exceed A — 1 in number, or the form of y may vary, or 


both ; as, 


4s) (a@a—1) (a4 —1 
(11) 08. 0.0t=0( G4“ ) (a - Ma  M(s.n,2), 


where 2, = M(F5y,F 5) = F(Miq, MEE), iy and i; = Ke. 











(9 — 11) &c. give all the simple periods of the required product, 
but may also give other, merely multiple periods, a criterion for whose 
suppression would be desirable. For (3) and (4), though necessary, 
are not sufficient to (2). Hence (9), (11), &c., or even the different 
forms of either that come from different values of 4, may not be 
identical ; and any factor not common to all, should be suppressed 
by conditioning the divisors and multipliers 7,, w". 

Mr. Co.ttns’s case of (10), that 


Czxo.Ct9e= <- 





%TQ, 


x being prime to tT, gives by inversion the period of the quotient of 


two circulates. If Cé—= Ca ~ Cz, divide % into factors x,¢, let 


67 Q, and have t prime to x. 








a?’—1] 
Cxo.Cro=Cn. EC@==2. 
w 
(12) $; Ott meng ~ prime to x 
ae — 1 v4 - 0 7 0 ? 


where @ is successively all factors of z, but «# <a may need further 


iA . . 
—_———-, we divide %,;,%, 
Cn--CyZ, 


restriction. By similar steps, if Cé—= 
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and 6 into factors x,0,%,9 and t@, having t prime to %,,,x,. Let 
dg—=F(%25%1), As==F (4s, M (%s5%1)), &e. Since Nagi FP (6, M(%4,.%;)) 
reduces to 9, and M(%,,,%4, 6) ton M (%,,,%4), — (9) finally gives 


” w ae a Ka te 
_ = po Eee Ve Pie 0” ‘). 





Norte. — Gauss’s notation, z=y (mod. z), which we shall write z=y[z], is 


” 


read “x is congruous to y with regard to the modulus z,” or “x leaves the same re- 


” 


mainder as y does, when divided by z.” The modulus may be omitted when there 
is no fear of mistaking it. x2 =y [2’, 2’, 2!", .. u] may be read, “x leaves the same 
remainder as y, whether divided by 2’, by 2’, or by 2''’; hence also when divided 
by u.” 

The second member of a$=y runs through a regular cycle as € increases; so that 
a’ =b has an infinity of roots of the form [—=G-+ w.(, , being the least positive 
root, and { that of aS =1. 

If > be a circulate of x places, the division of p (or .. of 1.000 &c.) by q gives 


by definition a remainder of p (or... of 1) after every yx quotient figures; hence, 


a='(9). 


See Gauss’s Disquitiones Arithmetica, or SERRET’sS excellent Algebre Superieure. 
(Paris, 1843), &e. 
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SOLUTIONS OF PROBLEMS IN PROBABILITIES. 


By Simon Newcoms, Nautical Almanac Office, Cambridge. 


1. “A nas the reputation of telling the truth as often as three 
times in four, B as often as four times in five, and C as often as four 
times in seven. When A and B agree in affirming what C denies, 
what is the probability that A and B tell the truth?” See p. 235. 

SoLution. The a prio probability that A and F& tell the truth 
and @ falsifies is } X 4X 72s. The a@ priori probability that A 
and B falsify and C tells the truth ist & 4 & }=2's. The proba- 
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bility of the proposition asserted by A and B is therefore 
ts (ts +2) — #. 

2. “A person goes on throwing a common dice until he throws 
an ace; at whatever throw this occurs (the uth), he is to receive the 
nth of a dollar. What is the value of his expectation?” See p. 2365. 

Sotution. The probability that an ace will be thrown on any 
given trial is +, and the probability against it is 3. The probability, 
then, that an ace will be thrown on the th throw and not before is 
*+xExwK EX £....==1(2)"7'; the probability being compounded of 
the one favorable and the n—1 unfavorable cases. Since the thrower 


gets “th of a dollar on the occurrence of this event, the value of 


° ° ee , _ 
his expectation on the th throw is - x ;(j)"~". Giving m succes- 


sively all integer values from 1 to «, the complete value of his ex- 
pectation is 
L(L4E.8 44.2 + 4P+3 (9)! + ke.) = t nep. lo 


The value of his expectation is therefore 63 cents, nearly. 


6. 
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Mathemation Monthly Dotices, 


Astronomical Notices. Nos. 1-6. Edited by Dr. F. BkUnNnow, Ann Arbor, Michigan. 

This Periodical is issued in numbers of eight pages each, 8vo, and twenty-four numbers will 
form one volume ; but, when desirable, it will be issued more frequently in semi-numbers, four 
pages at atime. The Editor says: “The main object I have in view in publishing this new 
periodical is to secure the regular publication of observations made at the Observatory at Ann 
Arbor, and of the scientific investigations of the officers of the Observatory in general. It: is 
also my intention to make these Notices as useful as possible to practical astronomers, by 
furnishing them always in the shortest time, as well with reliable ephemerides of newly discov- 
ered comets and asteroids for the whole time during which they remain visible, as with proper 
comparison stars observed here in advance, whenever it is possible.” 


There could be no doubt of the value of such a periodical in the hands of Dr. Brunnow, even 
if the evidence were not before us in the six numbers already issued ; and it cannot fail to exert 
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a beneficial influence upon the students of the University. For every new discovery, every 
reliable observation, every new orbit, in fact, for every result worthy of permanent record, they 
have at once the means of publication ; and it seems to us that this periodical must act as an 
additional incentive to draw students of astronomy to this flourishing University. 

The objections, as it seems to us, which can be urged against its establishment, are the incon- 
venience of being under the necessity of consulting so many different journals, and the fact, 
that it is with difficulty that one devoted especially to astronomy can be sustained in this country. 


Biographical and Literary Dictionary of the History of the Exact Sciences ; containing References 
to the Relations and Developments in Mathematics, Astronomy, Physics, Chemistry, Miner- 
alogy, Geology, &c., in all Times and Countries; compiled by J. D. PoaGenporrr, Fellow 
of the Academy of Sciences of Berlin. 


This very important work is to be published in four parts, making a volume of from 1,000 to 
1,200 large double-column pages. The first and second parts, of 288 pages each, containing 
about four thousand names, exclusive of references, and ending with the article “ Huppart,” 
we have examined with sufficient care to be able heartily to recommend it to all in this coun- 
try devoted to science, or interested in its progress. The spirit of the work may be most 
clearly and briefly intimated in the language of the compiler. 

“ The leading principle for this dictionary has been to include all persons connected with the 
mathematical and inductive sciences, as far as any certain notices of their lives could be gained : 
a condition securing to the work its biographical-literary character, without permitting it to 
degenerate into a mere list of names and books. Moreover, it was not the intention of the author 
to give strict biographies and complete literary indices; such would have inconveniently in- 
creased the bulk of the work beyond the power of a single compiler, and disadvantageously re- 
stricted its circulation and usefulness; he purposed rather to present, in short sketches, a sum- 
mary, such as has not yet appeared,— a manual, which may be in the possession of every friend 
of the inductive sciences, satisfying him on the chief points of date, life, and works of persons 
active in the field, and providing him at the same time with references to the sources whence 
more detailed information may be obtained. 

“ For the last ten years the author has been continually employed in the compilation of this 
work, in which task he has been particularly aided by the extensive literary-historieal treasures 
of the royal library of Berlin, as well as by the services of several friends who have kindly sup- 
plied him with numerous authentic communications from scientific men of the present day. 
Taking into view the copious material thus collected, it may be confidently asserted that this 
work will be inferior to no similar one on any other branch of science; and representing as it 
does a whole library of biographical resources, it will doubtlessly animate to historical study in 
this sphere, and tend to render the same fruitful.” 


Ueber die Verbesserung der Planeten-Elemente aus beobachteten Oppositionen, angewandt auf eine 
neue Bestimmung der Pallas-Bahn. Von Dr. J. G. GALLE, ordentlichen Professor der 
Astronomie an der Universitat zu Bresleau. 


In the Memoir before us, we have a new determination of the orbit of Pallas. The correc- 
tions of the osculating elements for 1810 are based upon twelve oppositions; those best observed 
between 1816 and 1855. The new orbit now agrees as well with observation as could be ex- 
pected, considering the length of time elapsed, and the fact that the perturbations by Saturn 
and Mars have not been taken into account. 

The author has used the method given by Gauss (Theoria Motus, Art. 76) for forming the 
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equations of condition ; and although it is not the shortest, it is one which the student can readily 
comprehend. A short historical sketch, which precedes the investigation, informs us that Gauss 
was the first to subject the orbit of Pallas to a systematic investigation, as he did those of the 
three other asteroids discovered before 1810; that EnckEe next took it, and has now put it in 
charge of Dr. GALLE, whose investigations have already shown that it could not have fallen into 
abler hands. 

It is to be hoped, that tables of this interesting planet may soon be prepared; which has 
already been done for Flora and Victoria, by Dr. BRunNow ; for Egeria, by Prof. Perrce; for 
Astrea and Hygea, by Prof. Zecn; and for Metis and Lutetia, by Mr. Orro Lesser. 

Our readers will recall Dr. GALLE as the astronomer to whom LEVERRIER first com- 
municated his predicted place of Neptune, by means of which the planet was at once identified. 





Ciitorial Stems, 


Tue following gentlemen have sent us solutions of the Prize Problems in the April 
Number of the Monruty. 

Davin TrowsripGE, Perry City, Schuyler Co., N. Y., answered all the questions. 

Joun N. Benton, Earleville, N. Y., answered all the questions. 

WituiaM C. Hencx, Student in Dedham High School, answered I. and Il. (Cartos 
SLAFTER, Principal.) 

C. Herscue., Student in the Lawrence Scientific School, answered all but V. 

W. M. Stiruina, Baltimore, Md., answered all but III. and V. 

E. W. Newron, Student in Marietta College, Ohio, answered all but II. and V. (E. W. 
Evans, Professor.) 

B. F. CLarke, Student, Waltham, Mass., answered question I. (Rev. T. H1x1, Teacher.) 

Wo. Ecerton, Student in Baltimore College, answered all the questions. (RicHarD 
CortrTer, Professor.) 

O. B. WueEE ER, Student in the University of Michigan, Ann Arbor, answered all the 
questions. (D. Woop, Professor.) , 

CuARrLEs Betr.e, Sophomore Class, Haverford College, West Haverford, Pa., answered 
all the questions but V. (M. C. Stevens, Professor.) 

Cuar.es W. Hassier, Columbian College, Washington, D. C., answered all the questions 
but Il. and V. (Epwarp T. Fristor, Professor.) 

Horace Oris, Adams Centre, N. Y., answered all the questions but V. 

Margquis Hatt, Brimfield, Mass., answered all the questions but III. and V. 

AsueEr B. Evans, Madison University, Hamilton, N. Y., answered all the questions. 

JAMES B. Fossett, Student in New London Institute, answered all the questions but III. 
and V. (Eraram Knieut, Professor.) 

L. E. Newcoms, East Machias, Me., answered all the questions but III. and V. 

J. C. Ertiorr, Junior Class, Indiana University, Bloomington, answered questions I. and 
IV. (Danret Krrxwoop, Professor.) 

J. W. Jenks, Senior, Columbia College, New York City, answered all the questions but III. 
and V. (WirirAm G. Peck, Prof.) 
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$1.00. 
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Bow. Treatise on Bracing. 8vo. $1.12. 

Branve. Dictionary of Science, Literature, and Art. 8vo. $7.50. 
Breton. Traité du Nivellement. 8vo. $2.50. 

Buck. Oblique Arches of Bridges. 4to. $3.75. 

Burcorne. Blasting and Quarrying Stone. 30c. 

Burnet. Treatise on Limes and Cements. 30c. 

Bury. Rudimentary Treatise on Architecture. 45c. 


Cattet. Tables de Logarithmes. 8vo, hf. cf. $5.00. 
CaRMICHAEL. Treatise on Calculus of Operations. 8vo. $2.75. 
Cuases. Trait¢é de Géométrie Supérieure. 8vo, hf. cf. $6.00. 
CuavuveNnet. Trigonometry. 8vo. 
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Civit ENGINEER AND ARCHITECT’S JOURNAL. 
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Crece. Architecture of Machinery. 4to. $2.00. 
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Courtenay. Calculus. 8vo. 
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Cresy. On Bridge Building, and Equilibrium of Vaults and 
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——. Cyclopedia of Engineering. 8vo. $15.00. 
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D’Avusuisson. Treatise on Hydraulics. Translated by Joseph 
Bennett. 8vo. 
De a Rive. Traité d’Electricité theorique et appliquée. 3 vols. 
8vo, hf. mor. $9.00. 
Treatise on Electricity, in Theory and Practice. 
3 vols. 8vo. $22.00. 
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De Morean. Differential and Integral Calculus. 8vo. $2.00. 
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2 vols. 8vo, pp. 300, hf. 
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EarnsHAw. Dynamics. 8vo. (Second-hand.) $1.50. 

Emy. Traité de la Charpenterie. 2 vols. in 4to, et atlas in fol. 
hf. mor. $25.00. 


Farrpairn. On the Application of Cast and Wrought Iron to 
Building Purposes. 8vo. $3.50. 
Useful Information for Engineers. 8vo. $3.25. 
Fereuson. Handbook of Architecture. 2 vols. 8vo,hf.cf. $12. 


Fiscner. Logarithmic Tables of Seven Places. Translated 
from Bremiker’s Vega. 8vo,hf. mor. $2.50. 

Francaur. Cours complet de Mathematiques pures. 2 vols. 
8vo. $5.00. 

Ganot. Traité elémentaire de Physique. 12mo. $1.75. 

GarBeETT. Principles of Design in Architecture. 60c. 

Gauss. Méthode des moindres carrés. 8vo, hf. cf. $1.62. 
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Giittesriz. Land Surveying. 8vo. 
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Goprray. The Lunar Theory. 8vo. $1.62. 
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Happon. Differential Calculus. 30c. 
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Hamitton. Lectures on Quaternions. 8vo. $6.30. 
Hann. Integral Calculus. 30c. 
Hann AND GENNER. On the Steam Engine. 8vo. $2.75. 


Hart. On Oblique Arches. 4to. $2.40. 

Haskouit. Railway Construction, from the setting out of the 
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HemminG. Differential and Integral Calculus. 8vo. $2.75. 
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Hutton. Mathematical Tables. 8vo. $3.75. 
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. Differential Equations, and Calculus of Finite Dif- 
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Integral Calculus. 8vo. $3.00. 
Geometry of Three Dimensions. 8vo. Cloth. $3.00. 
Conic Sections. 8vo. (Second-hand.) $1.25. 
Jameson. Solutions of the Senate House Rider. 8vo. $2.25. 
JevLtett. Calculus of Variations. 8vo. $4.50. 
Kouter. Logarithmisch Trigonometrisches Handbuch. 8vo. 
$2.12. 
Lacroix. Traité du Calcul Differential et du Calcul Integral. 


3 vols. in 4to, avec 18 pl. Mor. fine copy. $35.00. 
LaGrancGe. Mecanique Analytique. 2 vols. 4to, hf. mor. $13.00. 
Theorie des Fonctions Analytiques. 4to, hf. mor. 
$6.00. 
Traité des Equations Numeriques de tous les de- 


grés. 4to, hf. mor. $5.00. 


Latanpe. Tables de Logarithmes. 18mo. 60c. 

Lariace. Systeme du Monde. 4to, hf. mor. $5.50. 

Law. Civil Engineering. $1.37. 
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Loupon. Cyclopedia of Architecture. 8vo. $10. 
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Application de la Géométrie Descriptive. 2 vols. 4to, 
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Ure. Dictionary of Arts, Manufactures, and Mines. 2 vols. 8vo. 
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DAVIES’ ELEMENTARY GEOMETRY & TRIGONOM. 
DAVIES’ PRACTICAL MATHEMATICS. 





. 


Aianured Cunrse. 
Retail price. 


- $125 
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DAVIES’ UNIVERSITY ALGEBRA. . 

KEY TO DAVIES’ UNIVERSITY ALGEBRA. 
DAVIES’ BOURDON’S ALGEBRA 

KEY TO DAVIES’ BOURDON’S ALGEBRA. 
DAVIES’ LEGENDRE’S GEOMETRY. __.. 
DAVIES’ ELEMENTS OF teh DL a 
DAVIES’ ANALYTICAL GEOMETR 
DAVIES’ DIFFERENTIAL & INTEGRAL CALCULUS. 
DAVIES’ DESCRIPTIVE GEOMET 

DAVIES’ SHADES, SHADOWS, AND PERSPECTIVE. 
DAVIES’ LOGIC OF MATHEMAT 

DAVIES’ & PECK’S MATHEMATICAL DICTIONARY. . 


A. S. Barnes & Co. have the pleasure of announcing, that they have just issued from their press AN ENTIRELY New Work 


on ALGEBRA, by Proressor Davizs, entitled 


DAVIES’ 


This work is designed to occupy an intermediate place between 
his Elementary Algebra and Deunden. It teaches the Science and 
Art of Algebra by a logical arrangement and classification of the 
principles in their natural order, and by illustrating their application 


UNIVERSITY ALGEBRA. 


in an extended series of carefully arranged and graded reer 
It is well adapted for use in High Schools, Academies, and Colle 
the work being so divided and arranged "that it may be studie 


| parts, or as a whole, forming a full and complete course. 





NATURAL PHILOSOPHY. 
PARKER’S JUVENILE PHILOSOPHY. 
PARKER’S FIRST LESSONS IN PHILOSOPHY. . . 0874 
PARKER’S COMPENDIUM OF SCHOOL PHILOSOPHY. 100 

The present edition of Parker’s School ee! has been cor- 
rected, enlarged, and improved, and contains all the late discoveries 
and improvements in the science up to the present time. 

It contains engravings of the Boston School set of apparatus; a de- 
scription of the instruments, and an account of many eapertments 
which can be performed by means of the apparatus, — and it is 
culiarly hana sie to the convenience of study and recitation. 
work is immense 
any other work o 
intendents of Public Instruction of siz States, and is the Standard Tezt- 


Book in af the principal cities of the United States, and throughout 
Canada West. 


Price $0 25 


he 
y — and in very extensive use, more so than 
the kind. /t has been recommended by the Super- 


NORTON’S — BOOK OF siarranpevedend AND ASTRON- 
OMY. - $050 
By Witsax A. Monvos, M. rx Svstvieer of Civil Engineering 
in Yale College. Arranged upon the catechetical plan, and co- 
piously illustrated. Designed for Young Pupils commencing 
the study of the science. 
THE FIRST BOOK OF SCIENCE — Two Parts 1n OnE. $100 
Part I. Natura Puivosopny Anp Astronomy. Part II. 
CHEMISTRY AND ALLIED ScIENCEsS. By W. A. Norton and J. 

A. Porrsr, Professors in Yale College. 
This volume treats of the elements of Natural Science, and is de- 
signed to meet the wants of young persons who do not intend to 





= a complete course of academical study. It is designed for 
ublic and Private Schools, and will be found admirably adapted to 
private study, and home instruction in familiar science. 


BARTLETT’S COLLEGE PHILOSOPHY. 
BARTLETT'S SYNTHETIC MECHANICS. 
BARTLET?’s ANALYTIC MECHANICS. 
BARTLETT’s Optics AND ACOUSTICS. 
BARTLETT’s SPHERICAL ASTRONOMY. 


The above are the Tezt-books in the U. S. Military Aenteny at 
West Point. 


PORTER’S SCHOOL CHEMISTRY. 


First Book of Chemistry, and Allied Sciences, including 
an Outline of Agricultural Chemistry. By Pror. Joun A. Por- 
TER. Price 50 cts. 


/ 


Principles of Chemistry, embracing the most recent discoy- 
eries in the Science, and the Outlines of its application to Agricul- 
ture and the Arts — illustrated by numerous experiments newly 
adapted to the simplest apparatus. By Jonn A. Porter, A. M., 
M. D., Professor of Agricultural and Organic Chemistry in Yale 
College. Price $1. 

These works have been prepared expressly for Public and Union Schools, 
Academies, and Seminaries, where an extensive course of study on this sub- 
ject and expensive apparatus were not desired, or could not be afforded. A 
fair, practical knowledge of Chemistry is exceedingly desirable, and almost a 
necessity at the present day, but it has been taughtin very few Public or Union 
Schools, owing entirely to the want of suitable text-books adapted to simple 
apparatus, or such as could be readily obtained. It is confidently believed 
that these works supply this great want, and will be found in every respect 
just what is required. Boxes containing all the apparatus and materials nec- 
essary to perform all the experiments described in these books, can be ob- 
tained for $8.00, by addressing A. 8. Barnes & Co., New York. 





IN PRESS. 


Prof. Peck of Columbia College is preparing an Elementary Work on MECHANICS. 

















MATHEMATICAL WORKS 


OF 


MATTHEW COLLINS, B.A. 


A Tract on Continued Fractions. containing several New and Important Views, 
Applications aud Improvements of them. Price 4s. 


A Memoir on Crarraut’s Theorem, and some matters connected with it. Price 1s. 


A Tract on the Possible and Impossible Cases of Quadratic Duplicate Equalities in 
the Diophantine Analysis; to which is added a Short, but Comprehensive Ap- 
pendix on the Theory of Numbers. Price 4s. 

A Memoir on the Attraction of Ellipsoids, considered Geometrically. Price 1s 6d. 


*,* These works can be procured direct from the Author, MattHew Coxuins, Esq., 
21 Edeu Quay, Dublin, Ireland, or through ‘Trisnex & Co., Loudon. 





CIRCULAR- 


Earnest.y desirous of furnishing the present work with the greatest 
possible degree of completeness and authenticity, I wish all mathematicans 
and all those actively engaged in the sciences of Astronomy, Physics, 
Chemistry, Mineralogy and Geology, who may hitherto not have received 
a special invitation, to forward to me, without delay, some account of 
themselves, 

These notices are not required at any length: 


1.- Surname and Christian names written legibly and in full. 

2. Profession or pursuit, as well present as former. 

3. Year, day, and place of birth. 

4. Principal contributions to science, more especially their own works 
(giving date and place of publication); in respect to treatises a reference 
only to the paper or periodical (with No. of Vol.) wherein contained would 
be necessary. 

Similar contributions to this work, concerning persons of past times 
found to have been overlooked, would also be very desirable ; any such in- 
telligence, or a reference to the sources from which such may be obtained, 
will be received most thankfully. The material thus gained I shall not fail 
to make use of, as far as possible, in the text itself, otherwise it will be con- 
tained in the supplement. All communications to be addressed, free of 
charges, either to the subscribed author, or to the publisher, J. A. Barrn, 
Leipzig. 

J. C. POGGENDORFF. 

Berwin, 62, Charlottenstrasse, January, 1858. 


* See Notice of Biographical and Literary Dictionary. 

































Philosophical Instruments and Apparatus, 


| 
MANUFACTURED AT 313 WASHINGTON STREET, BOSTON, :| 
BY E. S. RITCHIE, | 
FOR ILLUSTRATING THE SCIENCE OF | 
Pneumatics, Electricity, Chemistry, Optics, Hydrostatics, Hydraulics, 
_ Steam, Magnetics, Acoustics, Mechanics, Astronomy, Mete- 

4 orology, &c., with over 600 pieces; also, Mathe- 

matical and Engineering Instruments. (| 





Each article is warranted perfect. In designing th form, simplicity, as well as combina- 
tion of parts in the formation of new lustruments, is carefully studied; and to this end 
only two sizes of screw connections are used. 


of over 200 pieces, including his improved Air Pump, Electrical Machine, Ruhmkorff and 
Atwood Apparatus, &c., the University of Mississippi Electrical Machine, having two six feet 
diameter plates and four pairs of rubbers; also, sets made up to assist purchasers in selecting, 





Rircuie’s Illustrated Catalogue, which will be sent by mail on application, contains cuts ; 
| 


. » . . . es | 
at prices from $100 to $1,250 per set; and commendatory letters from eminent Physicists | 
in various parts of the country who are using his apparatus. ‘| 
| 
| 


> ° <<a 6 oe 


WILLIAM BOND AND SON, | 
17 CONGRESS STREET, BOSTON, 
ronometer Makers to the United States Goberument, 


HAVE FOR SALE A CONV *LETE ASSORTMENT 


OF MARINE AND SIDERBAL CHORONOMETERS, | 
ASTRONOMICAL CLOCKS FOR OBSERVATORIES, | 
WITH THE MOST APPROVED DESCRIPTION OF COMPENSATING PENDULUMS. | 














Ch 


.o] 





They a'so manufacture the Sprrinc Governor Apparatus, for recording Astro- 
nomical Observations by the aid of Electro Magnetism, known as the American 
Method, and adopted at the Washington and Cambridge Observatories in the United ¢| 
States, and Greenwich and other Observatories in Europe. 5 


Astronomical Instruments, Transits, Telescopes, &c., 


Of the usual description. Also, those for use at fixed Observatories, of larger dimen- 
sions, imported to order. 














